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Abstract 
Brock, B.W., A new construction ofcirculant GH(p*; Z,), Discrete Mathematics 112 (1993) 249-252. 
De Launey has conjectured and proved that for every prime p there exists a circulant generalized 
Hadamard matrix of order pz over the group Z,. We offer a new construction, generalize it, and 
prove that it is not isomorphic to the previous one for p > 5. 
First let us recall some definitions and results from [3]. Let H and G be finite 
multiplicative groups of orders h and g, respectively. By a multiset S over H x G we 
mean a collection of not necessarily distinct elements of H x G, i.e., ‘a set with 
multiplicities.’ The multiset of d@erences of two multisets S and Twill be denoted by 
d(S,T)={st-‘:sES,tET}. 
To each multiset S we associate the element d(S)=C,,s s in the group ring Z[H x G]. 
A dagger ( t ) will denote the antiautomorphism of Z[H x G] induced by inversion on 
H x G, e.g., 4(S)+ =CseS s- I. Consequently, &(d(S, T))=$J(S)+(T)+. For the remain- 
der S will always denote the graph of some mappingf: H+G, and we shall usefand 
S interchangeably. In this case if we let H = {hi}, A= [f(ki kJrl)] is the matrix 
developed modulo H from the multiset S. When H is cyclic A is circulant. One may find 
a generalized Hadamard matrix over a group G (G-GHM) defined in [l-3]. De Launey 
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[3] showed that the next theorem follows from some number theoretic results and the 
following lemma. 
Lemma A (De Launey). Let S be the graph of some mapping f: H-G. The following 
are equivalent: 
(1) The matrix developed modulo H from S is a G-GHM. 
(2) 4(S)(P(S)+ =(hlg)(H\(e)) x G + hk 4. 
(3) For every hjE H\{e}, 
,,;Hf (hjhi)f (hi)-’ =’ G. 
g 
Theorem A (De Launey). Suppose there exists a G-GHM developed module H. 
(1) If g is odd and a prime p divides 1 GJG’I, the squarefree part of h has no prime factor 
of even order mod p. 
(2) If g is even h is square. If g is odd 
has a nontrivial solution in integers [l, Theorem 2.101 
One may think of Lemma A(3) as saying that f is as far from being a homomor- 
phism as possible. An equivalence of two mappingsf; k : H+G is a triple (r, s, hi) with 
r E Aut(G), s E Aut(H) and hi E H such that k = rfshi, where we identify hi with the map 
defined by right (or alternatively left) multiplication by hi. It is easy to check that rfshi 
satisfies Lemma A(3) if and only if f does. In this case we call the equivalence an 
isomorphism of the G-GHMs developed from f and k and an automorphism if k=f. 
The set of automorphisms form a group via the operation (q, t, hj) 
(r, S, hi) = (rq, ts, his - 1 (hj)) (or (rq, ts, s -‘(hj)h,) if we used left multiplication above). 
For the sake of completeness we could also include multiplication by an element of 
G in the definition of equivalence, but for every element of the automorphism group of 
every f in the following this element is necessarily the identity. 
To avoid repeating definitions and proofs we present our more general construction 
first. In the following theorem and proof let q =pf, G=GF(q), and H be the Witt ring 
W,(G) in the notation of [4, p. 2351. We know the following facts: the additive group 
HgZ& the multiplicative group of units H* rEA(q) x Z,_ 1 g G x G*, and the 
non-units C E G as additive groups. It is important to keep in mind that we are now 
applying Lemma A to the additive, not the multiplicative, structure of H and G. 
Theorem 1. Letf: H--+G be a map whose restriction to H* is a surjective homomorphism 
and whose restriction to C is zero. 
(a) The matrix developed module Z&from f is an EA(q)-GHM of order q2. 
(b) Z,_,<Aut(f)bAut(H). 
(c) For each q all matrices created this way are isomorphic. 
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Proof. Let Ci =f - l (i)nH* for i E G. By Lemma A(2) it suffices to show that 
d(C, C)=qC, (1) 
n(C, Ci)=H*, (2) 
Ud(Ci,Ci)=q(q_l)OU(q_2)H* and (3) 
u d(Ci, Ci+k)=qC* u (q_2)H* for k#O, (4) 
I 
where C* = (C\(O)). Equation (1) holds because C is an additive group. Since p2 = 0 
an element of H* has order p if and only if it is congruent o 1 mod p. Hence, the 
mod p reduction H+G creates a natural isomorphism CegG*. In particular, the 
elements of Co are distinct mod p, which is sufficient o prove (2). 
Because Ci.d(Co,Ck)=(q-l)d(Ci,Ci+k), 
for every k where the dot denotes the multiset of pairwise products. We observe that if 
nEH 
n.H*= qC* 
i 
H* if nEH*, 
if nEC*, 
q(q-1)0 if n=O. 
Hence, the fact that d(Ce, C,) contains q- 1 OS and (q- l)(q-2) elements of H* 
implies (3), and the fact that d (C,, C,) contains q - 1 elements of C* and (q - 1) (q - 2) 
elements of H * implies (4). 
The kernel Co of the restrictions to H* is isomorphic to Z,_, and is therefore 
unique. Hence, any two such maps can differ only by an automorphism of G, thus 
establishing (c). 
Define a homomorphism 4:Aut(f)-+Aut(H) by the projection to the second 
component of the triple. Sincefis zero only on C and C,, and since the elements of C,, 
are distinct mod p, 4 is an injection. Because multiplication by an element of Co is an 
automorphism off, we are done. 0 
Now we compare the case t = 1 to the matrix in the next theorem, which we shall 
call Construction A. 
Theorem B (De Launey [2]). De$nef:Zp2-* 2, byf(i+jp)=ijfir O<i,j<p--1. The 
matrix developed modulo Z,, from f is a circulant Z,-GHM of order p2. 
Theorem 2. Let f: Z,,+ Z, be a map whose restriction to Z$ is a surjective homomor- 
phism and that is zero otherwise. 
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(a) The matrix developed modulo Z,z from f is a circulant Z,-GHM of order p’. 
(b) It is isomorphic to Construction A if and only ifp < 5. 
(c) For each p all matrices created this way are isomorphic. 
Proof. It remains to prove (b). Call this functionf, and the function in Construction 
A fA. In the equation fB = rf*shi we will write r E Z$ and s E qz because r and s can be 
thought of as multiplication by the units in these rings. If p = 2, fs =fA. If p = 3, choose 
fB such that C1 =(4,5}. Then fB=fAshi where s= 5 and hi=3. Again define 
a homomorphism 4 : Aut( fA)+ Aut(Z+) by projection. Since fA is zero only on C and 
1,2, . . . ,p- 1, 4 is again an injection, and the reader may check that its image is f 1. 
Consequently, comparing this result to Theorem 1 (b), we see that fA and fs cannot be 
equivalent if p > 3. 0 
Like Construction A this construction produces symmetric (forward) circulant 
Z,-GHMs. For example if we take p = 5 and C, = (2, 14, 23, 1 l} we get a circulant 
GH(25, Z,) whose first row mod 5 is 
(0012203034014410430302210). 
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